The latter concept is again due to Deshpande and Joshi [14] . Anselone and Moore [5] introduced the concept of collectively compact sets of linear operators on normed linear spaces in connection with approximate solutions of integral and operator equations and this material, together with much other work in this area, appears in Anselone [4] . Anselone and Palmer [6, 7, 8] studied the general properties of such sets of operators, again in normed linear spaces. DePree and Higgins [11] and Deshpande and Joshi [14] generalized some of the theorems of Anselone and Palmer to the topological vector space situation. More insight into the idea of collectively compact sets of linear operators is given in the characterizations of DePree and Klein [12] (or Klein [22, Chapter I]) , where the set is factored through a Banach space via an equicontinuous collection and a compact operator. DePree and Klein [13] (or Klein [22, Chapter II] ) have applied the concept of collectively compact sets of linear operators to semi-groups of compact linear operators. However, a characterization of precompact sets of precompact linear operators via the adjoint operators has not yet been obtained beyond the Banach space case. Palmer [25] proved that for Banach spaces X and Y, a collectively compact subset £$f c J?f [X y Y] is precompact in the uniform operator topology if and only if J%? r , the set of adjoint operators, is collectively compact. Anselone conjectured this in [2] and also proved it for special Banach spaces X and Y. In [3], Anselone also gave a different proof of the general result of Palmer [25] . We notice that Schauder's theorem for compact operators is implicit in this result.
The problem in dealing with general precompact operators is that no corresponding Schauder theorem holds even when X and Y are locally convex spaces. This result was stated in Kothe [23] , where he says that Grothendieck exhibited an example of a Frechet space for which Schauder's theorem does not hold. However, when dealing with semi-precompact operators a corresponding Schauder theorem does hold provided X and Y are locally convex Hausdorff spaces with Y infrabarrelled [21, Problem 21D, p. 208] and easily proved using Grothendieck [17, Lemma 2, p. 132] . The theorem also follows easily from a more general theorem in §4 of this paper. The condition that Y be infrabarrelled is very essential for it turns out that it is a necessary and sufficient condition for the adjoint mapping to be continuous ( §5, Lemma 5.3) . To obtain results similar to Palmer [25] we must be able to say that a precompact set of precompact operators is collectively precompact. This is true in general Banach spaces [6, Theorem 2.5, p. 419 ], but it is not true for general locally convex spaces as shown by the counterexample of DePree and Higgins [11, Example 3.8, p. 369] . However, when we consider locally convex Hausdorff spaces and the concepts of semi-precompactness and collective semi-precompactness of operators, Palmer's results carry over as shown in § 5.
The problem of proving that a set of precompact operators is collectively precompact is that in general each operator is defined to be precompact only on a particular neighborhood of zero in X To find a single neighborhood V of zero in X such that every operator in the set is precompact on this neighborhood is a very difficult task without even proving the set collectively precompact on this neighborhood. The problem is avoided if X is a normed space as we only need speak of a single neighborhood of zero, namely the unit ball. It is also avoided when X has a bounded neighborhood of zero [11, Theorem 3.6, p. 368] , as any precompact operator will be precompact on this neighborhood. Anyway, if X is also locally convex Hausdorff, then it is normed [28, Theorem 1, p. 45 ]. The problems above no longer arise when considering collective semiprecompactness, as we look at what the operators do to each bounded subset of X.
Most of the results of DePree and Higgins [11] and Deshpande and Joshi [14] , which generalize §2 of Anselone and Palmer [6] , carry over quite easily to the collectively semi-precompact case and will not be considered here.
The proofs of most of the theorems are based on generalizations of results in Vala [32] . The idea of equal variation, as it is called by Vala [32] (and inherent in the works of Kakutani [19] , Bartle [9] , Dunford and Schwartz [15, Theorem 6, p. 260] and Poppe [26] ), plays a most important role in the characterizations via an AseoliArzela type theorem. The generalized Schauder theorem for Banach spaces [32, Theorem 3, p. 6] is proved for locally convex Hausdorff spaces and the proof employs the ideas of § § 2 and 3. Part of this Schauder type theorem was also proved for the Banach space case by Alexander [1] and Bonsall [10] 
where V runs over the elements of Yl It is easy to prove that the nonempty family 3T^ = {K v : Ve T) of subsets of 3f{B, Y) x 3f(B, Y) forms a base for a uniformity for J%Γ (B, Y) It is immediately obvious from Lemmas 2.1 and 2.2 that every finite subset of SΓ{B, Y) has equal variation on B.
We shall now characterize the precompact subsets of St~{B, Y) under the topology of uniform convergence. This is essentially an Ascoli-Arzela theorem and the statement and proof follow the same lines as the metric space case of Vala [32] . The proof is included here as it is typical of so many of the arguments used in later theorems and it also uses Lemma 2.2 to give a slightly more efficient proof than that of Vala. As Vala [32] states, the theorem is not essentially a generalization of the Ascoli-Arzela theorem but is only another form of it, adapted for certain applications. A result of Poppe [26] also comes out as a direct corollary. 
We have now proved that £%f has equal variation on B and (2) is satisfied.
Conversely, suppose now that (1) and (2) The following corollary to Theorem 2.1 is a result due to Poppe [26] . (1) and (2) are satisfied. Conversely, suppose conditions (1) and (2) hold. Then, by Theorem 2.1, Sίf\ A is precompact in SΓ(A 9 Y) for every i e^ We must prove that £έf is a precompact subset of ^^(JS, Y). Let K AV be a basic member of the uniformity for JJtΓ&iβ, Y), where Ae^ Ve T.
COROLLARY.

A subset Sίf
If fe 3έf, there exists an Setting ^f to be a singleton set in Definition 2.4 gives us the definition of a uniformly continuous function.
COROLLARY.
Let Sίf he a uniformly equicontinuous set of mappings from B into Y. Then, if £ίf(b) is precompact in Y for all b e B f £ίf is a precompact subset of 3ίΓ{B, Y) with the topology defined previously.
Proof. Firstly, ^cX(ΰ, Y) by the fact that each fe JT is uniformly continuous and B is precompact. By Proposition 2.1, £ίf has equal variation. Hence conditions (1) and (2) of Theorem 2.1 are satisfied by the added hypothesis. This proves that 3$f is precompact.
3 • Precompact sets of semi-precompact operators* Throughout this section we let X and Y be topological vector spaces over the complex numbers C; these are indeed uniform spaces and hence the results of § 2 carry over. We interpret the definition of equal variation in this case as: A subset £{f c J%Γ(B, Y) (where B is an arbitrary set) has equal variation on B if, for any neighborhood V of zero in Y, there exists a finite cover B lf , B n of B such that 
Y).
This general theorem gives, as a trivial consequence, a characterization of the precompact subsets of ^tl [X, Y] , the set of all semi-precompact continuous linear operators with the topology of uniform convergence on bounded subsets of X. The mapping Φ depends on the mappings R and S 9 so we would expect their qualities to be somehow linked with those of Φ. This is shown, in one respect, in Theorem 4.1 below.
Firstly, we give a property of infrabarrelled spaces. A locally convex space X is infrabarrelled [18, Definition 2, p. 217] if every bornivorous (absorbs bounded sets) barrel in X is a neighborhood of zero, where a barrel is an absorbing, balanced, convex and closed subset of X. Let β(X\ X) be the strong topology on X', the continuous dual of X. This means that X r with the topology β(X', X) is just the space £f\X, C\. By [21, Theorem 20.3, p. 191] , X is infrabarrelled if and only if every β(X\ X)-bounded set in X' is equicontinuous. Another equivalent characterization is given in [21, Theorem 20.3, p. 191] and states that X is infrabarrelled if and only if the evaluation map I:X-*X", given by I(x)(f) = f(x), is continuous, where X" is the continuous dual of X' when it has the β{X', X) topology and X" has the β(X", X') topology. The following is a slightly stronger characterization and is included here because of the lack of a reference although [29, Theorem 4 The converse is obvious by setting Y = C the complex numbers and using the characterization mentioned earlier.
The following result is used in Theorem 4.1 and is a direct consequence of [29, Proposition 3.3, p. 81] . LEMMA 
Let X and Y be locally convex spaces and & ĉ [X, Y] be bounded. Then ^(M) = \Jτe^ T(M) is bounded in Y for all bounded subsets M of X. In particular, &(x) is bounded in Y for all x e X.
Now we have the locally convex case of the generalization of Schauder's theorem proved by Vala [32, Theorem 3, p. 6] for normd spaces. A condition such as X infrabarrelled is to be expected in the theorem, for, if Y = Z = C and R is the identity map, the known generalization of Schauder's theorem to locally convex spaces [21, Problem 21D, p. 208] We show that 3ίΓ is bounded in ^f b [X, Y] , which is equivalent to proving 3ίΓ equicontinuous, as X is infrabarrelled (Lemma 4.2 Thus Φ(<β?~)(w Q ) = i2(ikf F ) and hence i2(ikf Γ ) is precompact. As M γ is an arbitrary bounded subset of Y, R is a semi-precompact operator. Now we show that S is semi-precompact. As R Φ 0, there exists a 2/0 e Γ such that i2(y 0 ) ^0. As 7 is locally convex and Hausdorff, there exists a continuous seminorm q on Y such that 9(2/0).> 0. We can assume without loss of generality that q(y 0 ) = 1, by taking some positive multiple of y Q or 9 if necessary. Also, as Z is locally convex and Hausdorff, there exists a continuous seminorm r on Z such that r(R(y Q )) > 0. If p is an arbitrary continuous seminorm on X, then is an arbitrary basic neighborhood of zero in X (as any positive multiple of a continuous seminorm is a continuous seminorm). Define which is a neighborhood of zero in Z, as r(R(y 0 )) > 0. We shall prove the existence of a bounded set 3tΓ c ^% [X, Y] Define
which is nonempty by the theorem mentioned above. Let
Obviously each K f is a continuous linear onedimensional mapping from X into Y and hence 3ίΓςi£eχX, Y\. We claim that
Let xe f)κejr K-'R-Wz).
Then x e K~ιR-\ V z ) for all Ke JT, which implies that RK(x)e V z for all Z e X Hence 
Hence 3ίΓ is equicontinuous and, in particular, bounded in £f b [X, Y] . Let M w be an arbitrary bounded subset of W. We must prove that S(M W ) is a precompact subset of X. Let F x be an arbitrarybasic neighborhood of zero in X. We can construct JsΓ from the associated continuous seminorm p of V x as we have done above. 3ίΓ is bounded in £? h [X, Y] and, as Φ is semi-precompaet, Φ(^Γ) is precompact in £f b [W, Z] . By Theorem 3.1, Φ(^T)\ Mw has equal variation on M w . Hence there exists a finite cover M lf , M n of ilfŝ uch that
where V z is defined as before. Thus
S(M 4 ) -W) c Π ^-^-X^) < -1, , n .
By construction of 3ίΓ and F z , f\ Ksjr K~ιR~\V z )(zV x and hence Thus S(M W ) is precompact in X (as Se^Γ(M w , X) by Lemma 2.1), which implies that S is a semi-precompact operator. This completes the proof.
The following corollary is Schauder's theorem (first proved for Banach spaces in [30] ) for locally convex spaces as it appears in [21, Problem 21D, p. 208] .
COROLLARY. As q is obviously a seminorm and is continuous by the last statement, the result follows.
Let W and X be locally convex Hausdorff spaces with X infrabarrelied. Then a continuous linear operator S: W-+ X is semi-precompact if and only if the adjoint operator S'
The following lemma is an interesting characterization of infrabarrelled spaces in terms of the adjoint mapping. LEMMA 
Let X, Y be locally convex Hausdorff spaces. Then the adjoint mapping , Y] defined by A(T) = T", is a continuous linear map for all X, where X', Y' have their β{X\ X), β( Y\ Y) topologies respectively, if and only if Y is infrabarrelled.
Proof. The adjoint mapping A is well defined by [18, Proposition 3, Corollary, p. 256] .
Assume that A is continuous for every locally convex Hausdorff space X. Then, in particular, it is true for X = C. Thus the map The next three theorems generalize some results of Palmer [25] Proof. Suppose βg? is a precompact set of semi-precompact operators. The proof of (1) is incorporated, in a slightly different form, in Proposition 2.3 of [14] , however, for the sake of completeness we utilize the previous results to prove it.
It is obvious that 3ίf c SΓ h [X, Y] (1) and (2) hold.
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